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0. Introduction 

Let X be a smooth complex surface: a rational equivalence class of 0- 
cycles on X is decomposable if it is the intersections of two divisor classes. 
Let DCHq(Y) C CHq(Y) be the subgroup generated by decomposable 
0-cycles. Beaville and Voisin [1] proved that if X is a K?> surface then 
DCHo(A) = Z. What can be said of the group DCHo(A") in general? An 
irregular surface X with non-zero map /\ 2 H °(—>• H°(Q 2 X ) provides an 
example with group of decomposable 0-cycles that is not finitely generated, 
even after tensorization with Q. Let us assume that X is a regular surface: 
then DCHo(Y) is finitely generated because CH * 1 (A) is finitely generated, 
and we may ask for its the rank. Blowing up regular surfaces with non-zero 
geometric genus at (r — 1) generic points, one gets examples of regular sur¬ 
faces with DCHq(A) of rank at least r (see Example 1.3 b) of [2]). What 
about a less artificial class of surfaces, such as (smooth) surfaces in IP 3 ? If 
the rank of DCHo(X) is to be larger than 1 then the rank of CH 1 (X) must 
be larger than 1, but the latter condition is not sufficient, for example curves 
on X whose canonical line-bundle is a (fractional) power of the hyperplane 
bundle do not increase the rank of DCHo(A), see Subsection 11.21 The 
papers pun provide examples of smooth surfaces in IP 3 with Picard group 
of large rank and generated by lines: it follows that the group spanned by 
decomposable 0-cycles of such surfaces has rank 1. On the other hand Lie 
Fu proved that there exist degree-8 surfaces X C P 3 such that DCHo(X) 
has rank at least 2, see 1.4 of [6]. In the present paper we will prove the 
result below. 

Theorem 0.1. There exist smooth surfaces X C P 3 of degree d such that 
the rank o/DCHo(Y) is at least L^pJ- 

In particular the rank of the group of decomposable 0-cycles of a smooth 
surface in P 3 can be arbitrarily large. 
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Let us explain the main ideas that go into the proof of Theorem lO.il Let 
C = CiU.. .UC n be the disjoint union of smooth irreducible curves Cj C P 3 . 
Suppose that if d 2> 0, and that the curves Cj are not rationally canonical, 
i.e. there exists e G Z such that K® m = &Cj{ e ) only for m = 0; we prove 

that for a very general smooth X G \j?c{d)\, the classes c\{&x(X)) 2 , C\ ■ 
Ci, ..., C n ■ C n in CHo(X) are linearly independent. We argue as follows. 
Assume that they are not linearly independent for X very general; then 
there exists a non-zero (a, r\,..., r n ) G Z n+1 such that 

(0.1) aci(^x(l)) 2 + riCi(^. Y (Ci)) 2 + ■ • • + r n ci(ffx{C n )) 2 = 0 

for all smooth X G \J r c(d)\. Now let n: W —> P 3 be the blow up of C, let 
E be the exceptional divisor of n, and Ej be the component of E mapping 
to Cj. Let 5? C W x A (d) be the universal surface parametrized by A (d). 
We let pw ■ ^ ~> W and PA(d) : ^ —>• A(d) be the projection maps. There 
is a natural identification A (d) = \j?c{d)\, and the generic S G A (d) is 
isomorphic to the corresponding X G \^c{d)\- Since 111.451) holds for all 
smooth X, an application of the spreading principle shows that the class 
(0.2) 

Pw( a7T * c l(^p(l)) 2 + r l c l {^w{Ci)) 2 + • • • + T n C\ (C\y(E n ))' 2 ) G CH"(y) 

is vertical, i.e. it is represented by a sum of codimension-2 subvarieties Ti C 
5? such that 

(0.3) dimp A ( d) (rj) < dim F,. 

We prove that if the class in (10.21) is vertical, then 0 = a = r\ = ... = r n . 
The key result that one needs is a Noether-Lefschetz Theorem for surfaces 
belonging to an integral codimension-1 closed subset A G A (d). More pre¬ 
cisely one needs to prove that the following hold: 

(1) If the generic S G A is isomorphic to vr(S') C P 3 , i.e. S contains no 
fiber of it: W —> P 3 over C, then CH 1 (S’) is generated (over Q) by 
7T*ci(^ P 3(l))|s,ci(^s(-Ed),..., ci(&s(E n )- 

(2) If the generic S G A contains a fiber R of n: W —> P 3 over C, 
necessarily unique by genericity of S, then CH 1 (S) is generated (over 
Q) by the classes listed in Item (1), together with ci(^s(i?)). 

The reason why such a Noether-Lefschetz Theorem is needed is the following. 
Let Tj C y be a codimension-2 subvariety such that (10.31) holds, and assume 
that the generic fiber of T; —> PA(d)(Xi) has dimension 1; then A := PA(d)(^i) 
is an integral closed codimension-1 subset of A(d), and the restriction of Tj to 
the surface St parametrized by t G A is a divisor on St- Thus we are lead to 
prove the above Noether-Lefschetz result. There is a substantial literature on 
Noether-Lefschetz, but we have not found a result taylor made for our needs. 
A criterion of K. Joshi [9] is very efficient in disposing of “most” choices of 
a codimension-1 closed subset A G A (d). We deal with the remaining cases 
by appealing to the Grifhths-Harris approach to Noether-Lefschetz [5], as 
further developped by Lopez PH and Brevik-Nollet [5]. 
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The paper is organized as follows. In Section [1] we consider a smooth 3- 
fold V with trivial Chow groups, an ample divisor H on V and surfaces in the 
linear system \JL C (H)\, where C = C\U.. .U C n is the disjoint union of a fixed 
collection of smooth irreducible curves C* C V. We prove that if the curves 
Ci are not rationally canonical, and a suitable Noether-Lefschetz Theorem 
holds, then the classes of Cf,... ,C% on a very general X £ \j?c{H)\ are 
linearly independent, and they span a subgroup intersecting trivially the 
image of CH 2 (C) —> CH 2 (X). In Section [2]we prove the required Noether- 
Lefschetz Theorem for V = P^. In Section [3] we prove Theorem 10.11 bv 
combining the main results of Section |T| and Section [2] 

Conventions and notation: We work over C. Points are closed points. 

Let X be a variety: “If x is a generic point of X , then...” is shorthand for 
“There exists an open dense U C X such that if x £ U then...”. Similarly 
the expression “If x is a very general point of X, then...” is shorthand for 
“There exists a countable collection of closed nowhere dense Yj £ X such 
that if x £ (X \ |J i Y t ) then...”. 

From now on we will denote by CH(X) the group of rational equivalence 
classes of cycles with rational coefficients. Thus if Z\,Zi are cycles on X 
then Z\ = Z 2 means that for some non-zero integer l the cycles iZ\. IZ 2 are 
integral and rationally equivalent. If Z is a cycle on X we will often use the 
same symbol (i.e. Z) for the rational equivalence class represented by Z. 

Acknowledgements: It is a pleasure to thank Angelo Lopez for useful 
exchanges on Noether-Lefschetz results. 

1. The family of surfaces containing given curves 

1.1. Threefolds with trivial Chow groups. Throughout the paper V is 
an integral smooth projective threefold. 

Hypothesis 1.1. The cycle class map cl: CH(V) —> H(V] Q) is an iso¬ 
morphism. 

The archetypal such V is P 3 . A larger class of examples is given by 3- 
folds with an algebraic cellular decomposition (see Ex. 1.9.1 of m), and 
conjecturally the above assumption is equivalent to vanishing of H v ' q {V) 
for p 7^ q. An integral smooth projective threefold has trivial Chow group 

if Hypothesis 11.11 holds. 

Claim 1.2. Let V be as above, in particular it has trivial Chow group. The 
natural map 

(1.1) S 2 CH 1 (P) —► CH 2 (C) 

is surjective. 

Proof. The natural map S 2 H 2 (V;<Q) — > H A (V\ Q) is surjective by Hard 
Lefscehtz. The claim follows because of Hypothesis 11.11 □ 
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1.2. Standard relations. Let V be an integral smooth projective 3-fold 
with trivial Chow group. Let X C V be a closed surface, and i: I 4 1 
be the inclusion map. Let & S {X) C CH s (Al) be the image of the restriction 
map 


( 1 . 2 ) 


CH S (C) —> CH S (X) 


Notice that & 2 (X) C DCHo(X) by Claim fl.21 Suppose that C C X is an 
integral smooth curve. We will assume that C ■ C makes sense in CHo(X), 
for example that will be the case if X is Q-factorial. We will list elements 
of the kernel of the map 

, s ^ 2 (x)e^ 1 (x)e^°(x) —> dcho ( x ) 

1 j KAy) ha a + C ■ fi + ^-C-C 

Let j: C ^4 L be the inclusion map. By Cor. 8.1.1 of [7] the following 
relation holds in CHq(X): 

(1.4) = C ■ d^/pa) = C ■ i*0 V {X). 

Thus 


(1.5) a c - C ■ i*0 V (X) = 0, 

where ac '■= i*(j*C) £ & 2 (X). Equation (11.51) is the first standard relation. 
Now suppose that there exists £ £ CH 1 ^!/) such that 

(1.6) ci(K c ) = £|c- 

(Recall that Chow groups are with Q-coefficients, thus (11.61) means that 
there exists an integer n > 0 such that K® n is the pull-back of a line-bundle 
on V.) By adjunction for X <Z V and for C C X, 

(1.7) C ■ C + C ■ ( i*K v + i*0 x (X)) = C ■ z*£. 

Thus there exists fie £ ^(X) such that 

(1.8) fi c ■ C — C ■ C = 0. 

The above is the second standard relation (it holds assuming (ll.fip ). 

Example 1.3. Let V = P 3 , let X c P 3 be a smooth surface of degree d , 
and let C C X be a smooth curve. The subgroup of CHo(X) spanned by 
intersections of linear combinations of H := ci(A\'(l)) an( l C ^ as ran k at 
most 2. In fact the first standard relation reads dC ■ H = (deg C)H ■ H. 
Suppose that c\ (Kc) = mC ■ H , where rri £ Q. With this hypothesis, 
the second standard relation reads C ■ C = (m + 4 — d)C ■ H, and hence 
C • C,C ■ H,H ■ H span a rank-1 subgroup. In particular a curve of genus 0 
or 1 does not add anything to the rank of DCHq(X). 
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1.3. Surfaces containing disjoint curves. Let V be a smooth projective 
3-fold with trivial Chow group and Ci,...,C n C F be pairwise disjoint 
integral smooth projective curves. Let C := C± U... UC n and let n: W —> V 
be the blow-up of C. Let E be the exceptional divisor of n, and let Ej, for 
j G {1,..., n}, be the irreducible component of E mapping to Cj. Let H be 
an ample divisor on V. For j G {1,..., n} we let 
(1.9) 

Xj := {S' G \n*H—E\ j 7r(S) is singular at some point of Cj}, X := Uj =1 X 

Let S G \tt*H — E\, and let X : = tt(S). Then S G Xj if and only if S 
contains one (at least) of the fibers of Ej Cj, or, equivalently, the map 
S —>■ X given by restriction of n is not an isomorphism over Cj. We will 
always assume that ( ir*H — E) is very ample on W; with this hypothesis 
Xj is irreducible of codimension 1 , or empty (compute the codimension 
of the loci of S G \tt*(H) — E\ which contain one or two fixed fibers of 
Ek —> Ck). Suppose that E[ is sufficiently ample: then, in addition, if S G X*, 
is generic the surface X = n(S) is smooth except for one ODP (ordinary 
double point) belonging to C and the set of reducible S G \tt*H — E\ is 
of large codimension in \tt*H — E\. We will assume that both of these facts 
hold (but we do not assume that H is “sufficiently ample”, because we want 
to prove effective results). 

Hypothesis 1.4. Let C±,... ,C n C V and H be as above, in particular H 
is ample on V, and ( tt*H — E) is very ample on W. Suppose that 

(1) for j G {1,... ,n}, and S G Xj generic, the surface n(S) is smooth 
except for one ODP (ordinary double point) belonging to Cj, and 

(2) the set of reducible S G \tt*H — E\ has codimension at least 3 in 
\tt*H-E\. 

Assume that Hypothesis 11.41 holds, and let S G Xj be generic. Then 
there is a unique singular point of vr(5), call it x, and the line 7r _1 (x) is 
contained in S. 

Hypothesis 1.5. Let C±,..., C n C V and H be as above. Suppose that Hy¬ 
pothesis 11.41 holds, and that in addition the following hold: 

(1) If A C \it*H—E\ is an integral closed codimension-1 subset, not equal 
to one of Xi,..., X ra , and S G A is very general, the restriction map 
CH 1 (W) —>• CH 1 (S') is surjective. 

(2) For j G {l,...,n}, S G Xj very general, and x the unique singu¬ 
lar point of vr (S) (an ODP belonging to Cj, by Hypothesis II.4|) . 
CH 1 (S') is generated by the image of the restriction map CH 1 (FF) —>• 
CH 1 (S') together with the class ofiT^ 1 (x). 

Remark 1.6. Let V = P 3 , and fix C\,... ,C n C P 3 . Let d > 0, and H G 
\& V 3(d)\. If S G Xj is generic, then 7r _1 (x) does not belong to the image of 
the restriction map CH 1 (FF) —> CH 1 (5). 

In the present section we will prove the following result. 
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Proposition 1.7. Let C\,, C n C V and H be as above, and assume 
that Hypothesis flT5l holds. Suppose also that for j E {1, ...,n} there does 
not exist f E CH 1 (P) such that ci(Kcj) = £|c-. (Recall that Chow groups 
are with coefficients in Q.J Then for very general smooth X E \J?c{H)\ the 
following hold: 

(1) The map CH 2 (V) -A- CHo(A) is injective. 

(2) Let {Ci,..., Cm} be a basis of CH 1 (P) (as Q -vector space). Suppose 
that for very general smooth X E \J?c(H)\ 

0 = P(Ci\X,... ,Cm|X) + nC? + ... + r n C 2 n , 

where P E Q[cci,..., x m ]2 is a homogeneous quadratic polynomial. 
Then 0 = P(Ci, • • •, Cm) = n = ... = r n . 

The proof of Proposition ITTH will be given in Subsection 11.71 Through¬ 
out the present section we let V, C, W, E and H be as above. 

1.4. The universal surface. Assume that Hypothesis 11.41 holds. Let 

(1.10) A := \tt*(H)-E\ 

(1.11) SP := {(s, S) E W x A | x E S}. 

Let pw '■ ■5P —>• W and p\: SP —>• A be the forgetful maps. Thus we have 

(1.12) SP 



Let N := dim A. Since (- jt*(H ) — E) is very ample it is globally generated 
and hence the map pw is a P JV_1 -fibration. It follows that 5P is smooth and 

(1.13) dim = (IV+ 2). 

Definition 1.8. Let Vert 9 (A^/A) c CH 9 (^) be the subspace spanned by 
rational equivalence classes of codimension-(/ integral closed subsets Z C SP 
such that the dimension of p\(Z) is strictly smaller than the dimension of 
Z. 


The result below is an instance of the spreading principle. 

Claim 1.9. Keep notation and assumptions as above, in particular Hy¬ 
pothesis 11.41 holds. Let Q E Q[xi,..., x m , yi ,..., y n \2 be a homogeneous 
polynomial of degree 2 and let Ci, • • •, Cm € CH 1 (V). Then 

(1.14) Q(Ci|x, • • • ,Cm\x,ci(&x(Ci)),..., ci(t?x(C n ))) = 0 
for all smooth X E \JPc{H)\ if and only if 

(1.15) P* W Q(7T* Ci,...,7r* Cm, E u .. .,E n ) E Vert 2 (^/A). 
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Proof. Suppose that (11.141) holds for all smooth X G \JPc{H)\. Let S G A be 
generic, X := tt(S). Then X is smooth and the restriction of 7 r to S' defines 
an isomorphism 92 : S —> X , thus by our assumption 

p* w Q^*Ci,---^*Cm,E 1 ,...,E n )\ s = 0. 

Since S is generic in A it follows (see 00 ) that there exists an open dense 
subset f cA such that 

(1.16) p* w Q( 7T*Cl, . . • ,n*U,E u . . . , E n ) I p - 1 * = 0 . 

(We recall that Chow groups are with rational coefficients, if we consider 
integer coefficients then (11.161) holds only up to torsion.) Let B := (A\ %). 
By the localization exact sequence 

CHjvCp^LO —> CH,v(J^) > CHtv^a 1 ^) —> 0 

PwQ( tt*Ci, • • •) 7r *Cmi Ei,, E n ) is represented by an Wcycle supported on 
pf^B, and hence (11.151) holds because dimL> < N. Next, suppose that (11.151) 
holds. Then, by definition, the left-hand side of (11.15[) is represented by an 
N -cycle whose support is mapped by p\ to a proper closed subset B C 
A. Thus there exists an open dense ^ C A such that the restriction of 
PwQ( 7r *(iT--> 7r *(m,Ei,...,E n ) to vanishes, e.g. % = A \ B. By 

shrinking ty/ we may assume that for S G the surface X := tt(S) is 
smooth. Let S G f: then 0 = P\yQ{tt*C i> ■ ■ ■ 1 ti*C m , E \,..., E n )\g, and 
since X = S it follows that (|1.14l) holds for X = 7 t(S). On the other hand 
the locus of smooth X G \J?c{H)\ such that (11.141) holds is a countable 
union of closed subsets of A sm (the open dense subset of A parametrizing 
smooth surfaces); since it contains an open dense subset of A sm it is equal 
to A sm . IB 

1.5. The Chow groups of 5? and W. Assume that Hypothesis 11.41 

holds. Let £ G CH 1 (^') be the pull-back of the hyperplane class on A via 
the map p\ of (11.121) . Since pw is the projectivization of a rank-A r vector- 
bundle on W and £ restricts to the hyperplane class on each fiber of pw the 
Chow ring CH(^) is the Q-algebra generated by p^ CH(W) and £, with 
ideal of relations generated by a single relation in codimension N. We have 
N > 3 because(7r*iL — E) is very ample by Hypothesis 11.41 thus 

(117 x Q © CH^W) © CH 2 (W) ^4 CH 2 (^) 

(a 0 ,ai,a 2 ) ^ a 0 £ 2 + P* w { a i) ■ £ + Pw(a 2 ) 

is an isomorphism. The Chow groups CH q (W) are computed by first de¬ 
scribing CH q (Ej) for j G {1,... ,n}, and then considering the localization 
exact sequence 

© CH q (Ej) —► CH g (W) —► CH g (W \ (£?r U ... U E n )) 
j 


0 . 
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One gets an isomorphism 

CH 1 (y)®Q n C© CH \W) 

(a,ti,...,t n ) ^ ^* a + YJj=i t i E j 

and an exact sequence 

(1.19) 0 —► CH 2 (W) hom —► CH 2 (W) A H 4 (W-,Q) —► 0 

where CH 2 (W)h 0 m is described as follows. Let pj \ Ej Cj be the restric¬ 
tion of the blow-up map 7 r, and aj : Ej W be the inclusion map; then we 
have an Abel-Jacobi isomorphism 

( AJ: CR 2 (W) hom ©” = 1 CH 0 (©) hom 

« ^ (A,*K«)--'-,Pn,*«a) 

Let A Jj be the j-th component of the map A J. 

Lemma 1.10. Assume that Hypothesis [TT4l holds. Let 


lo := 7r a 


+ A E j ' n *Pj + 22 /A ' E 3 > 

j=i l=i 

where a £ CH 2 ©), fjj £ CH 1 ©), and jj £ Q /or j € {1,. 
following hold: 

( 1 ) T/ie cohomology class of uj vanishes if and only if 


, n}. Then the 


( 1 . 21 ) a = Y J ljC jl 

l=i 

and for all j £ { 1 ,..., n} 

(1.22) deg© • Cj) = -rtj deg©©./©. 

(2) Suppose that ( 11 . 211 ) and ( 11 . 221 ) hold. Then for j £ ( 1 ,..., n} 

(1.23) AJj(u) = —7l c i /V ) - ci©|c,)- 

Proof. Since the cohomology class map cl: CH 1 ©) —>• H 2 (V- Q) is a sur¬ 
jection (by hypothesis), also the cohomology class map cl: CH 1 (VL) —>• 
H 2 (W',Q) is surjective. By Poincare duality it follows that cl(u) = 0 if 
and only if deg© • £) = 0 for all £ £ CH 1 (VL). By (j 1.18 f) we must test 
£ = 7 © with ( £ CH 1 ©) and £ = £) for i £ (1,..., n}. We have 


(1.24) 


deg© • 7 ©) = deg 


a ~22^ C i ) C J 

l=i 


Since the cycle map CH 2 ©) —> iL 4 ©;Q) is an isomorphism, it follows that 
deg© • 7r*C) = 0 for all £ £ CH 1 ©) if and only if (11.211) holds. Next, we 
test £ = E). In CHo(©) 

(1.25) aAAA )) 2 = - 


c i A/r)) 
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and hence 

(1.26) deg (a; • E t ) = - deg (/% • Cj) - 7 * deg {+E C ./ V ). 

This proves Item (1). Item (2) follows from Equation (11.251) . □ 

Remark 1.11. By Lemma II. 101 the kernel of the map 

(1.27) 

CH 2 (E) © ©)( =1 CH 1 (E) © ©)) =1 Q —► CH 2 (W) 

(a,/3 i,.../3 n ,7i,...,7 n ) h- n*a + Y!j=\ E j ' + E”=i li E i ’ E j 

is generated over Q by the classes Ej -i t*/3, where j3 £ CH 1 (E) and j3\ < 7 . = 0, 
together with the classes 

(1.28) 7T* [Cj\ + Ej ■ it* (3 + Ej ■ Ej, 

where /3 € CH 1 (E), deg(/3 • Cj ) = — deg(^c^/y), and 
(1-29) — ci{^Vq./v) — ci(f3\ Cj ) = 0. 

Next notice that (11.291) holds if and only if ci(A'c j .) is equal to the restriction 
of a class in CH 1 (E) i.e. (jl.61) holds. Assume that this is the case, and that 
X £ \^c(H)\ is a surface smooth at all points of Cj. Let S € |7r*iL — E\ be 
the strict transform of S. Then S is isomorphic to X over Cj, and restricting 
to S the equation -it* [( 7,1 + Ej -71*13 + Ej ■ Ej = 0 we get the second standard 
relation (11.81) . 

1.6. A vertical cycle on 5+ . According to Claim fl.91 for every codimension- 
2 relation that holds between &x(Ci), ..., ffxiC-n) and restrictions to X of 
divisors on V, where X is an arbitrary smooth member of £ \^c{H)\, there 
is a polynomial in classes of 7 t*CH 1 (E) and the classes of the exceptional 
divisors of it which is “responsible” for the relation, i.e. when we pull-it back 
to 5? it is a vertical class. We have shown that tt* [Cj\ + Ej ■ 7 r*/3 + Ej ■ Ej 
is the class responsible for the second standard relation (11.81) . see Remark 
\rm and in fact this class vanishes. In the present subsection we will write 
out a cycle responsible for the first standard relation (11.51) . this time the 
pull-back to CH 2 (,5^) is a non-zero vertical class. We record for later use 
the following formulae: 

(1.30) ^j,*P*jCi{XE Cj /v) = 7T* Cj+Ej-Ej, 

(1.31) PwAZ N ) = (**H-E). 

The first formula follows from the “Key formula” for 7T*Cj, see Prop. 6.7 
of [7|. The second formula is immediate (recall that N = dim A). Let 
j £ {1 ,...,n}. By Hypothesis 11.41 there exists an open dense U C Ej 
such that, if S £ U, then S ■ Ej = ~L X + Z, where x £ Cj is the unique 
singular point of 7 r(S), L x := 7r -1 (x), and Z is the residual divisor (whose 
support does not contain La,). It follows that 

(1.32) E j npl l (U) = y j + 2f j , 
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where, for every S £ U, the restrictions to Ej n S of Yj, 2fj are equal to L x 
and Z, respectively. We let 

(1.33) Qj := ~Fj. 

Thus pa(Bj) = Ej, and the generic fiber of Qj —> Ej is a projective line. 

By Hypothesis 11.41 Qj is of pure codimension 2 in LZ (or empty), and 
hence 

(1.34) Qj £ Vert 2 (^/A). 

The result below will be instrumental in writing out the class of Qj in 
CH 2 (A^) according to Decomposition (11.171) . 

Proposition 1.12. Let j £ {1,..., n }. Then 

(1.35) PwA®j • ^ _1 ) = 2E j ■ n* H - E 3 • E -J - K*Cj. 

Proof. Let a,/3 £ H°(W, ir*(H)—E) be generic. Then div(o|£j) and div(/3|e j ) 
are smooth divisors intersecting transversely at points pi,... ,p s . Let qt := 

7 T (pf) for i £ {1,... , s}. Let R = P ((a, {3)) C A; thus p~A E represents f N ~ 1 . 

Given pi, there exists [A i,Pi\ £ P 1 such that div(A ia + p.i/3) contains ir~ 1 (qi), 
and hence [A+ p,i/3\ £ R fl Ej. Conversely, every point of R fl Ej is of this 
type. The line R intersects transversely Ej because it is generic, and hence 

(1.36) PwA®j ' C^ -1 ) = °j,*P*j{<li + • • • + q 8 )- 

Thus in order to compute pw,*(@j • C^ -1 ) we must determine the class of 
the 0-cycle q\ + ... + q s . Let cj>: Cj x R —>• Cj and if : Cj x R —>• R be the 
projections and & the rank-2 vector-bundle on Cj x R defined by 

& ■= 1). 

The composition of the natural maps 

(1.37) 

(a, A ^ H°(W,n*H-E) -A H°(Ej, 0 Ej fn*H-E)) —► H°{Cj,J^. /v ®ff Ci {H)) 

defines a section r £ H°(^) whose zero-locus consists of points p\....,p' s 
such that vr(p') = q % . Now, the zero-locus of r represents and hence 

Pw,*{®j ' ^ _1 ) = VjAPjiA 0 2 (^0)) 
by (11.361) . The formula 

C 2 (^) = <f*(2c\(0c{H)) — c\(J\L C [A)) ■ rci(^Al)). 

gives 

(1.38) pwAQj ■ = 2 Ej • t t*H - o-j,* (flcA^a/v))) • 

Then (11.351) follows from the above equality together with (11.301) . □ 

Corollary 1.13. Let j £ {1,... , n}. Then 

(1.39) Qj=A Pw E j + pIv( e j • K*H - 7 T*Cj). 
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Proof. By (11.17P there exist (3h € CH^IV) for h = 0,1,2 such that 

©7 = V • PwP 0 + £ • PwP 1 + Pwfo- 

Restricting p\y to Qj we get a P jV ~ 2 -fibration Qj -A Ej\ it follows that 
Po = 0 and /3i = Ej. By (11.311) 

(1.40) 

PwA®j-ti N ~ 1 )=PwAZ N -P*wE j + Z N ~ 1 -P*wP 2 ) = (^■■7r* J H--£? r £; j + / 8 2 ). 

On the other hand pw,*(®j • £ iY_1 ) is equal to the right-hand side of (11.351) : 
equating that expression and the right-hand side of (ll.40|) we get /?2 = 
(Ej • TT*H — TT*Cj). □ 

Corollary 1.14. Let j € {1, ... ,n}. Thenp( v (Ej-TT* H—-K*Cj) € Vert 2 (=^/A) 

Proof. By Corollary 11.131 we have 

Pw(E 3 • ir*H - 7 r*Cj) = Gj - £ • P*w E r 

Now Qj € Vert 2 (5?/ A) (see (|1.34|) ) and f-p^Ej € Vert 2 (^/A) because it is 
supported on the inverse image of a hyperplane via thus p\y(Ej • n*H — 
ir*Cj) € Vert 2 (^/A). □ 

By Claim 11.91 the relation p\ v (Ej ■ n*H — n*Cj) € Vert 2 (A'”/A) gives a 
relation in CH(V) for an arbitrary smooth X £ |j^c(14)|. In fact it gives 
the first standard relation m- 

1.7. Proof of the main result of the section. 

Lemma 1.15. Assume that Hypothesis 11.51 holds. Then the projection 
CH 2 (A^) -a- CH 2 (IV) determined by (11.171) maps Vert 2 (^/A) to the sub¬ 
space spanned by 

(1.41) {E 1 ■ 7 t*H - 7r*Ci), ...,{Ej- 7 t*H - 7 v*Cj ),..., (E n • ir*H - 7r*C n ). 

Proof. Let Z C LX be an irreducible closed codimension-2 subset of LZ such 
that 

(1.42) &\mp A (Z) < dimZ = N. 

Since the fibers of p A are surfaces, 

(1.43) &\m.p A (Z) = 

Suppose that dimpA(^) = N — 2. We claim that 

(1.44) Z = pl\p A (Z)). 

Since Z C p~f 1 (p A (Z)), it will suffice to prove that pf i (p A (Z)) is irredu¬ 
cible of dimension N. First we notice that every irreducible component of 
p~f 1 (p A (Z)) has dimension at least N. In fact, letting l\ p A (Z) ^A A be 
the inclusion and Aa C A x A the diagonal, pf i (p A (Z)) is identified with 
(cPa) - 1 A a , and the claim follows because Aa is a l.c.i. of codimension 


N — 2, or 
N- 1. 
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N. Since every fiber of p\ has dimension 2, it follows that every irredu¬ 
cible component of p^ 1 (pa{Z)) dominates p\{Z). On the other hand, since 
cod(j?A(Z), A) = 2, there exists an open dense U C pa(Z) such that p~^{t) 
is irreducible for all t £ U by Hypothesis 11.41 and hence p~^(U) is irredu¬ 
cible of dimension N. It follows that there is a single irreducible component 
of p^ 1 (pa(Z)) dominating pa (Z), and hence p^ 1 (pa(Z)) is irreducible (of di¬ 
mension N). We have proved (|1.44|) . Since A is a projective space, pa([Z]) 
is a multiple of ci(^a( 1)) 2 - It follows that the class of Z is a multiple of £ 2 
and hence the projection CH 2 (^) —>• CH 2 (W) maps it to 0. Now assume 
that (limp a (Z) = N — 1 . Let Y := pa(Z). For t £ A, we let St := p~^{t). 
We distinguish between the two cases: 

(1) Pa(Z) {Si, ..., Y n }. 

( 2 ) There exists j € { 1 ,..., n} such that pa(Z) = Yj. 

Suppose that (1) holds. Let Y sm C Y be the subset of smooth points. If t £ 
Y sm , we may intersect the cycles Z and St in p~^{Y) (because St is a l.c.i.), 
and the resulting cycle class Z ■ St belongs to CH 1 (Si ). By Hypothesis 11.51 
there exists L £ CH 1 (VF) such that T|s t = Z ■ St for t £ Y sm . It follows that 
there exists an open dense U C Y sm such that 

r kv) = z Wi u Y 

(Recall that Chow groups are with Q-coefficients.) By the localization se¬ 
quence applied to p~^(XJ) C p~^{Y), it follows that there exists a cycle 
E £ CR N (pl\Y \ U )) such that 

[Z] = E + p* w (T).pU[Y]). 

Here, by abuse of notation, we mean cycle classes in CHy^^): thus [Z\ and 
E are actually the push-forwards of the corresponding classes in CHy(pj( 1 (y) 
and CHy(pj( 1 (y \ U)) via the obvious closed embeddings. By (11.441) E is 
represented by a linear combination of varieties p^ 1 (Bi), where Si,..., B m 
are the irreducible components of Y \ U; it follows that E = a£ 2 for some 
a £ Q. On the other hand [y] € CH 1 (A) = Qci(^a( 1))> and hence 
PtV(F) ‘ PaGKD = f° r some b £ Q. It follows that the projec¬ 

tion CH 2 (jZ) —>■ CH 2 (IF) maps Z to 0. Lastly suppose that Item (2) holds. 
Arguing as above, one shows that there exist T £ CH 1 (W), an open dense 
U C Y, a cycle E £ CHy(pj^ 1 (y \ U)), and a £ Q such that 

[Z] = E + Pw(T) ■ p*a([Y}) + aQj. 

By Corollary 11.131 the projection CH 2 (<5^) -> CH 2 (iy) maps [Z\ to a(Ej ■ 
ir*H — n*Cj). This proves that Vert 2 (.5^/A) is mapped into the subspace 
spanned by the elements of (11.411) . Since [0j] is a vertical class and is 
mapped to (Ej ■ ir*H — ir*Cj), we have proved the lemma. □ 
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Proof of Proposition 11.71 Let P G Q[xi,... ,x m ] be homogeneous of 
degree 2 and n ,..., r n £ Q. The set of smooth X G \ J?c{H)\ such that 

(1.45) 0 = P((i\x, ...,Cm\X)+ 7-1 Cl + ...+r n C 2 n 

is a countable union of closed subsets of the open dense subset of \j?c{H)\ 
parametrizing smooth surfaces. It follows that if the proposition is false 
then there exist P and r \,..., r n , not all zero, such that (II. 4511 holds for all 
smooth X G \S C {H)\. Now we argue by contradiction. By Claim [1.91 

n 

(1.46) P* w (P^*Ci, ■ ■ ■, m) + E rjE]) G Vert 2 (^/A). 

3 = 1 

By Lemma 11.151 it follows that there exist rationals s±,... ,s n such that 

n n 

P(l T*Cl, • ■ • , 7T*Cm) + E r itf = E 8 A E i ■ n * H - 

3 = 1 j =1 


i.e., 

n n n 

( 1 . 47 ) 0 = 7T*(P(Ci,..., Cm) + E 8 i c i) - E *3 E i ■ ** H + E r i E l 

j= i i=i j= i 

Let oj be the right hand side of (11.471) : then the homology class of u> vanishes, 
and also the Abel-Jacobi image AJ{uf), notation as in ( 11 . 201 ) . Item ( 2 ) 
of Lemma 11.101 together with our hypothesis that there does not exist 
C G CH^P) such that ci(K Cj ) = Clc,-, gives rj = 0 for j G {l,...,n}. 
By JEHU 

n 

( 1 . 48 ) P(( 1 ,...,(m) + Y, s jCj = Ui 

3 = 1 

and hence s jPj ' n *P = 0- Thus 


(1.49) 


0 — Ei 



tt*P[ = -Si deg(Cj • H ). 


for i G {l,...,n}. By hypothesis H is ample, and hence Sj 
from (|1.49l) . Thus P(Ci, • • •, Cm) = 0 by (|1.48|) . 


0 follows 
□ 


2. NOETHER-LEFSCHETZ LOCI FOR LINEAR SYSTEMS OF SURFACES IN P 3 

WITH BASE-LOCUS 

2.1. The main result. In the present section we let V = P 3 . Thus C\,..., C n 
P 3 , and 7 r: W —> P 3 . We let A (d) := \n*0p3(d)(—E)\. For j G {1,...,n} let 
Ej(d) C A (d) be the subset Sj considered in Section [lj thus Sj(d) para¬ 
metrizes surfaces S G A (d) such that tt(S) is singular at some point of Cj. 
Let S(d) := Si(d) U ... U S„(d). We denote the tangent sheaf of a smooth 
variety X by Tx- Below is the main result of the present section. 
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Theorem 2.1. Suppose that d > 5, and that the following hold: 

(1) 7r*^ > p3(d — 3)(— E) is very ample. 

(2) H\C,T c (d-4))=0. 

(3) The sheaf J^c is {d — 2) -regular. 

(4) The curves C±,..., C n are not planar. 

Then Hypothesis [4751 holds for H £ | ffp3 (d) \. 

Recall that Hypothesis 11.51 states that Hypothesis 11.41 holds, and that 
Items (1) and (2) (our Noether-Lefschetz hypotheses) of Hypothesis 11.51 
hold. The proof that Hypothesis [lT4] holds is elementary, and will be given 
in Subsection 12.21 We will prove that Items (1) and (2) of Hypothesis 
11.51 hold by applying Joshi’s main criterion (Prop. 3.1 of [9]), and the main 
idea in Griffiths-Harris’ proof of the classical Noether-Lefschetz Theorem [ 8 ], 
as further developed by Lopez [T2] and Brevik-Nollet [5|j. The proof will be 
outlined in Subsection 12.31 details are in the remaining subsections. 

Remark 2.2. Choose disjoint integral smooth curves C \,..., C n C IP 3 such 
that for each j € {1, ...,n} there does not exist r € Q such that ci(A’c'j) = 
rc\($c : j (!))• Let rf > 0. Then the hypotheses of Theorem [27T] are satisfied, 
and hence by Proposition 11.71 the following holds: if X £ \^c{d )| is very 
general, then the 0-cycle classes ci(^x(l)) 2 ,ci(^x(Ci)) 2 ,... ,ci(&x(C n )) 2 
are linearly independent. Thus the group of decomposable 0-cycles of X has 
rank at least n + 1. The proof of Theorem 10.11 is achieved by making the 
above argument effective, see Section [3j 

2.2. Dimension counts. We will prove that, if the hypotheses of The- 
orem [2TT1 are satisfied, then Hypothesis [L4] holds for H £ |^p 3 (d)|. First, 
H is ample on IP 3 , and ir*(H)—E is very ample on W because it is the tensor 
product of the line-bundle TT*0p3(d — 3)(—IP), which is very ample by hy¬ 
pothesis, and the base-point free line-bundle 7 r*^)p 3 ( 3 ). Let A(r) C A(r) be 
the closed subset parametrizing singular surfaces. 

Proposition 2.3. Suppose that 7r*^p3(r — 1)(— E) is very ample. Then the 
following hold: 

(1) Let x £ C. The linear system |J^(r)| n |j^c , (r)| has base locus equal 
to C, and codimension 2 in \J?c(r)\. If X is generic in |A^(r)| n 
\^c(f)\ then it has an ODP at x and no other singularity. 

(2) Given x £ W\E there exists S £ A(r) which has an ODP at x and 
is smooth away from x. 

(3) The closed subset A(r) is irreducible of codimension 1 in A (r), and 
the generic S £ A(r) has a unique singular point, which is an ODP. 

(4) Let j £ {l,...,n}. If S is a generic element ofT,j(r), then vr(5) 
has a unique singular point x, which is an ODP (notice that S is 
smooth). 

Proof. Let q £ P 3 \ C. Since 7 r*^p 3 (r — 1)(— E) is very ample there exists 
X £ \^c( r — 1)| such that q (f X. Let P C P 3 be a plane containing 
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x but not q: then X + P £ \^x( r )\ D \^c(t)\ does not pass through q, 
and this proves that \j?x( r )\ D \^c{f)\ has base locus equal to G. Since 
7 r*^p3(r — 1)(— E) is very ample there exist F,G £ H° (P 3 , J?c (r — 1)) and 
qi ,..., q m G (C \ {x}) such that V(F), V ( G ) are smooth and transverse at 
each point of C \ {qi ,..., q m }. Let P C P 3 be a plane not passing through 
x: the pencil in \J^c{r)\ spanned by V(F) + P and V(G) + P does not 
intersect |j^(r)| H \J^c{r)\, and hence |^ 2 (r)| n \J r c{r)\ has codimension 
at least 2 in \.Xc{r)\. The codimension is equal to 2 because imposing on 
X £ |j^c(r)| that it be singular at x £ C is equivalent to 2 linear equations 
being satisfied. In order to show that the singularities of a generic element 
of |J^(r)| fl \J r c(r)\ are as claimed we consider the embedding 

( , P(tf°(P 3 ,J^(l))©F°(P 3 ,A(l))) —> Tjj (r) 

[ 1 [A,B\ I/(,4F + SG) 

where F, G are as above. The image is a sublinear system of | ^x( r )\P\^c{f)\ 
whose base locus is G, hence the generic V(A-F+B-G) is smooth away from 
G by Bertini’s Theorem. A local computation shows that the projectivized 
tangent cone of V(AF + BG) at x is a smooth conic for generic A, B. Lastly 
let q e C \ {x}. The set of [A, B\ such that V(AF + BG) is singular at 
q has codimension 2 if q £ {q\ ...., q m }, codimension 1 if q £ {q i,..., q m }' 
it follows that for generic [A, B] the surface V(AF + BG) is smooth at all 
points of G \ {x}. This proves Item (1). The remaining items are proved 
similarly. □ 

Remark 2.4. Let x € G. The proof of Proposition 12.31 shows that the 
projectivized tangent cone at x of the generic X £ |j^(r)| fl \J^c( r )\ is the 
generic conic in P(T :r P 3 ) containing the point P(T X G). 

Proposition 2.5. Suppose that ir* ff$>3(r)(—E) is very ample and that n*^^(r— 
3)(— E) is base point free. Then the locus of non-integral surfaces S £ |A(r)| 
has codimension at least 4. 

Proof. Let Dec(r) C A(r) be the (closed) subset of non-integral surfaces, and 
Dec(r)i,..., Dec(r) m be its irreducible components. Let j £ {1,..., m}; we 
will prove that the locus of non-integral surfaces S £ Dec (r)j has codimen¬ 
sion at least 4. Suppose first that the generic S £ Dec (r)j contains one (at 
least) of the components of E, say E^. Since tt*< ff v z{r)(—E) is very ample, 
and Ek is a P 1 -bundle, the image of the restriction map 

H°(W,TT*ff p3 (r)(-E)) H°(E k ,TT*0 p3 (r)(-E)\ Ek ) 

has dimension at least 4, and hence the locus of S £ \ir*&-p 3 (r)(—E)\ which 
contain Ek has codimension at least 4. 

Next, suppose that the generic S £ Dec (r)j does not contain any of the 
components of E. Let Dec(r)' C \^cir)\ be the image of Dec(r)j under the 
natural isomorphism A(r) —> |j^c’(r)|. Let X £ Dec ir)'- be generic; we claim 
that 

( 2 . 2 ) 


dim(sing X \ G) > 1. 
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In fact X = ir(S), where S £ Dec(r)j is generic, and since S is non-integral 
we may write S = Si + S 2 where Si , S 2 are effective non-zero divisors on 
W (we will identify effective divisors and pure codimension-1 subschemes 
of W and P 3 ). Thus X = X\ + X 2 , where Xi := 7r (Si). Since X\, X 2 
are effective non-zero divisors on P 3 (non-zero because neither S\ nor S 2 
contains a component of E), their intersection has dimension at least 1. 
Now X\ n X 2 C sing X , hence in order to prove (12.2jl it suffices to show that 
X\ fl X 2 is not contained in C. Suppose that X\ n X 2 is contained in C\ 
then, since it has dimension at least 1, there exists k £ {1,..., n} such that 
X\ <1X 2 contains C*,, and this implies that S contains E^, contradicting our 
assumption. We have proved (]2.2f) . 

Next, let p 7 ^ q £ (P 3 \ C ), and let £l Ptq (r) C \^c{f)\ be the subset of 
divisors X which are singular at p , q, with degenerate quadratic terms. If 
X £ Dec(r)', then by (12.21) there exists a couple of distinct p,q £ (.X \ C ) 
such that X is singular at p and q, with degenerate quadratic terms (in fact 
the set of such couples is infinite). Thus, if Item (2) holds, then 

(2.3) Dec(r)'- C |J Q p>q (r). 

P7^e(P 3 \C) 

Hence it suffices to prove that the codimension of Q Ptq in \j?c( r )\ is 10 (as 
expected) for each p ^ q £ (P 3 \ C). Let Y £ \^c( r ~ 3)| be a surface not 
containing p nor q (it exists because 71 *^ 3 (r — 3 )(—E) is base point free), 
and consider the subset 

P Y :={Y + Z\Z £ |^ P a(3)|}. 

An explicit computation shows that the codimension of the set of Z £ 

| ^> 3 ( 3 ) | singular at p,q, with degenerate quadratic terms, has codimension 
10: it follows that Q Ptq (r) fl Py has codimension 10, and hence Q Ptq (r) has 
codimension 10 in I • □ 

Proposition 12.31 and Proposition 12.51 prove that, if the hypotheses 
of Theorem 12. II are satisfied, then Hypothesis 1 1.4l holds for H £ |^p3(d)|. 

2.3. Outline of the proof that the Noether-Lefschetz hypothesis 

holds. Let A be an integral closed codimension-1 subset of A (d). Let A v C 
A(d) v be the projective dual of A, i.e. the closure of the locus of projective 
tangent hyperplanes TgA for S a point in the smooth locus A sm of A. Since 
7r*^p3 (d)(—E) is very ample we have the natural embedding W ^ A(d) v , 
and hence it makes sense to distinguish between the following two cases: 

(I) A v is not contained in W. 

(II) A v is contained in W. 

Thus (I) holds if and only if, for the generic S £ A sm , the projective tangent 
hyperplane T 5 A is a base point free linear subsystem of A (d). On the other 
hand, examples of codimension-1 subsets of A(d) for which (II) holds are 
given by A (d) and by Yj(d) for j £ {1,... ,n}. In fact A(d) v = W and 
Yj(d) v = Ej. The last equality holds because S £ A (d) belongs to Yj(d) if 
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and only if it is tangent to Ej , thus £j(d) = Ej, and hence T,j(d) v = Ej 
by projective duality. Let NL(A(d) \ A(d)) be the Noether-Lefschetz locus, 
i.e. the set of those smooth surfaces S £ A (d) such that the restriction map 
Pic(W)Q -A- Pic(S')Q is not surjective. As is well-known NL(A(d) \ A(d)) 
is a countable union of closed subsets of A(d) \ A(d). In Subsection 12.51 
we will apply Joshi’s criterion (Proposition 3.1 of [9j) in order to prove the 
following result. 

Proposition 2.6. Suppose that d > 5 and that the following hold: 

( 1 ) it* & ¥ 3{d)(—E) is ample. 

(2) H\C,T c (d-4))=0. 

(3) The sheaf J’c (on P 3 ^ is ( d — 2)-regular. 

Let A C A(d) be an integral closed subset of codimension and suppose that 
there exists S £ (A\ A(d)) such that A is smooth at S, and the projective 
tangent space is a base-point free linear subsystem of A(d). Then A \ 
A (d) does not belong to the Noether-Lefschetz locus NL(A(d) \ A(d)). 

The above result deals with codimension-1 subsets A C A (d) for which (I) 
above holds. Thus, in order to finish the proof of Theorem 12.11 it remains 
to deal with those A such that (II) above holds. 

Definition 2.7. Given p £ W and F C T p W a vector subspace, we let 

(2.4) A p , F (d) := {S £ \ J V <g> Tr*^p 3 (d){-E)\ : F C T p S}. 

Let r(d) := \J?c(d)\- We have a tautological identification A (d) —>■ T(d): 
we let r P ,F(d) C T(d) be the image of A P) p(d), and for j £ {1,..., n} we let 
II j(d) C r(d) be the image of Tj(d). 

Notice that A p ,f(cI) and T Pt p{d) are linear subsystems of A (d) and T(d) 
respectively. In Subsection 12.61 we will prove the result below by applying 
an idea of Griffiths-Harris [8] as further developed by Lopez [12] and Brevik- 
Nollet [5]. 

Proposition 2.8. Suppose that the following hold: 

(1) d > 4 and n*^3 (d — 3 )(—E) is very ample. 

(2) None of the curves C\,... ,C n is planar. 

Let X be a very general element 

(a) of r p p(d), where either p ^ E, or else p £ E and 

(2.5) T p (tt-\7t(p))) cfF C T p E, 

(b) or of II j(d) for some j £ {1,..., n}. 

Then the Chow group CH 1 (A')q is generated by ci(^ > x(l)) and the classes 
of C\,... ,C n . 

Granting Proposition 12.81 let us prove that the statement of Theorem 
!2.1l holds for A such that A v is contained in W. We will distinguish between 
the following two cases: 
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(Ha) Ag{E!(d),...,E n (d)}. 

(lib) AG{Ei(d),...,E n (d)}. 

Suppose that (Ha) holds. By projective duality A is the closure of 

( 2 - 6 ) IJ Ap.TpAV 

pe(A v ) sm 

Let p G (A v ) sm be generic. We claim that Item (a) of Proposition 12.81 
hold for p and F = T p A v . In fact if A v <£_ E then p (j E by genericity. 
If A v C E then A v is contained in Ej for a certain j G {l,...,n}. We 
claim that A v is a proper subset of Ej, and it is not equal to a fiber of the 
restriction of 7r to Ej. In fact, if A v = Ej, then A = Ej = Ej(d), and that 
contradicts the assumption that(IIa) holds. Now suppose that A v = 7T 1 (g) 
for a certain q € Cj. Let 5 £ A be generic. Since A is the closure of (12.61) . 
S is tangent to n~ 1 (q), and hence contains 7r _1 (g) because S has degree 1 
on every fiber of Ej —> Cj. It follows that S is tangent to Ej, and hence 
A C Ej = Ej(d), contradicting the hypothesis that (Ha) holds. 

Thus Item (a) of Proposition 12.81 hold for p € (A v ) sm generic and 
F = T p A v , and hence if S G A p x p A v (d) is very general, then CH 1 (X)q is 
generated by c\ (Cx(i)) and the classes of C\,..., C n . 

On the other hand, since A (jt E(d), S intersects transversely E, and 
hence the restriction of ir to S is an isomorphism S —> X. It follows that 
CH 1 (5)q is equal to the image of CH 1 (W)q —> CH 1 (5)q. This proves that 
there exists S £ A such that CH 1 («S)q is equal to the image of CH 1 (IT)q —> 
CH 1 (5)q. Actually our argument proves that there exists such an S which 
is smooth if A ^ A (d), and that if A = A (d) there exists such an S whose 
singular set consists of a single ODP. If the former holds, then we are done 
because NL(A \ A (d)) is a countable union of closed subsets of A \ A (d), 
and we have shown that the complement is non-empty. If the latter holds, 
let A(d)° C A(d) be the open dense subset parametrizing surfaces with 
an ODP and no other singular point, then the set of S £ A (d)° such that 
CH 1 (W) — > CH 1 (5) is not surjective is a countable union of closed subsets 
of A (d)° (take a simultaneous resolution), and we are done because we have 
shown that the complement is non empty. 

Lastly suppose that (lib) holds, i.e. A = Ej(d) for a certain j e {1,..., n}. 
By Proposition 12.31 there exists an open dense subset Ej(d)° C Ej(d) 
with the following property. If S G E j(d)° and X = vr(5), then X has a 
unique singular point, call it x (obviously x G Cj), which is an ordinary 
node, and the restriction of n to S is the blow-up of X with center x (in 
particular S is smooth). Now suppose that S G E j(d)° is very general. Then 
by Proposition 12.81 the Chow group CH 1 (S)q is generated by the image 
of CH 1 (IP)q —> CH 1 (5)q and the class of 7r _1 (.r). Now notice that the set 
of S G E j(d)° such that CH 1 (5') is not generated by the image of CH 1 (W)q 
together with 7r _1 (a:) is a countable union of closed subsets of Ej(d)°; since 
the complement is not empty, we are done. □ 
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Summing up: we have shown that in order to prove Theorem 12.11 it 
suffices to prove Proposition 12.61 and Proposition 12.81 The proofs are 
in the following subsections. 

2.4. Infinitesimal Noether-Lefschetz results. We will recall a key res¬ 

ult of K. Joshi. Let U C H°{W, tt*& p3(d)(—E)) be a subspace and a € U 
be non-zero. We let S := V(a), and we assume that S is smooth. Let 
m CTj r/ C ^p(£/).[<t] be the maximal ideal and := Spec^p^y^j/m^) be 
the first-order infinitesimal neighborhood of [cr] in P(f7). We let —>> 77) v 

be the restriction of the family -a A to ^ a ,u- The Infinitesimal Noether 
Lefschetz (INL) Theorem is valid at ( U,a) (see Section 2 of [9]) if the group 
of line-bundles on ,^ a ,u is equal to the image of the composition 

(2.7) Pic(W) —> Pic(W x c X,u) —> Pic (^u)- 

Let A C A (d) be an integral closed subset. Let [cr] be a smooth point of A, 
and suppose that S = V(a) is smooth. Let P(C7) be the projective tangent 
space to A at [cr]. If the INL Theorem holds for ( U,a) then A \ A (d) does 
not belong to the Noether-Lefschetz locus NL(A(d) \ A (d)). 

Joshi [9] gave a cohomological condition which suffices for the validity 
of the INL Theorem. Suppose that U C H°(W, ir*0 P 3 {d)(—E)) generates 
• 7 r*^ P 3 (d)(— E); we let M(U ) be the locally-free sheaf on W fitting into the 
exact sequence 

(2.8) 0 —► M(U ) —>U <g> G w —> 7r*^p3 (d)(—E) —> 0. 

Proposition 2.9 (K. Joshi, Prop. 3.1 of |9j). Let U C H°(W, n* G P 3(d)(—E)) 
be a subspace which generates tt*G V 3 (d)(—E). Let 0 7 - a £ U . Suppose that 
S = V (a) is smooth, and that 

(a) H\W,n 2 w ®ir*0 P 3(d)(-E)) =0. 

(b) H 1 (W,M(U)®K w ®‘ir*0 v a(d)(-E)) =0. 

Then the INL Theorem holds at ( U,a ). 

2.5. The generic tangent space is a base-point free linear system. 
We will prove Proposition 12.61 by applying Proposition 12.91 

Lemma 2.10. Suppose that 

(2.9) 0 = J7 1 (P 3 ,^c«>Tp3(d-4)) = H\C,T c {d-A)). 

Then H l {W, H 2 W ® n* G p3 (d)(-E)) =0. 

Proof. Since H 2 V = T\y <8> K\v it is equivalent to prove that 

(2.10) 0 = H\W,T w (g)K w ®ir*0p3{d)(-E)) = H 1 (W,T w m* G p3 (d-A)). 

Let p : E — > C be the restriction of ir. Restricting the differential of 7 r to E, 
one gets an exact sequence 

( 2 . 11 ) 0 —> £?w(E)\e—> P*^c/v 3 —> £ 


0 
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of sheaves on E, where £ is an invertible sheaf. Let i: E W be the 
inclusion map. The differential of tt gives the exact sequence 

(2.12) 

0 —> TV ® 7T*<^ P 3 (d — 4) —> ir*T p3 {d - 4) —> t*(£ <g> p*0 c (d - 4)) —► 0. 

Below is a piece of the associated long exact sequence of cohomology: 

(2.13) 

H° (W>*T p3 (d-4))-hff 0 (Wm ( W,T w ®ir * ^ p3 (d-4))^// 1 (VE,7r*T p3 (d-4)). 

We claim that H l (W, 7r*Tp 3 (d — 4)) = 0. In fact the spectral sequence 
associated to n and abutting to the cohomology H q {W, 7r*Tp 3 (d — 4)) gives 
an exact sequence 

(2.14) 

0 -»• fl' 1 (P 3 ,7r*7r*T P 3(d-4)) ->• H l (W, 7r*T p3 (d-4)) -A- H°(F 3 , i? 1 7r*7r*T P 3(d-4)) -A- 0. 

Now 7r*7r*Tp 3 (d — 4) = Tp 3 (d — 4) and hence 1L 1 (P 3 ,7r*7r*Tp 3 (d — 4)) = 

0. Moreover R 1 Tr^TT*T p3 (d — 4) = 0 because R^tt^^w = 0, and hence 
H 1 (W,n*T p3 (d — 4)) = 0. By (12.131) . in order to complete the proof it 
suffices to show that the map 

(2.15) H°(W,Tr*T p3 (d - 4)) ^ H°(W,i*(Z®p*0 c (d-4))) 

is surjective. The long exact cohomology sequence associated to (12.111) gives 
an isomorphism 

H°(C, ^ C/P3 (d - 4)) H°(W , t *(£ (8) p*0 c (d - 4))), 

and moreover the map of (12.151) is identified with the composition 

(2.16) H°(F 3 ,T p3 (d-4)) ^ H °(C : T p3 (d-4)\ c ) ^ H°(C,^ c/F s(d-4)). 

The map a is surjective by the first vanishing in (12.9|) . while (3 is surjective 
by the second vanishing in ()2.9p . □ 

Let U C H°(F 3 , J?c(d)) be a subspace which generates J?c(d); we let 
M(U) be the sheaf on P 3 fitting into the exact sequence 

(2.17) 0— >Jd(U )—>17<g)^ P 3 — y J? c {d) — > 0. 

The curve C is a local complete intersection because C is smooth, and hence 
M(U) is locally-free. 

Lemma 2.11. Suppose that the hypotheses of Lemma 12.101 hold and that 
in addition the sheaf J’c is d-regular. Let U C 1L 0 (P 3 , J^c(d)) be a subspace 
which generates ^c(d), and let c be its codimension. Then f\ p M(U) is 
(p + c)-regular. 

Proof. Let M := M(H°(J?c(d))). Then M is 1-regular: in fact Lf 1 (P 3 , M) = 

0 because the exact sequence induced by (|2.17|) on H° is exact by definition, 
and H l ( P 3 , M( 1 — *)) = 0 for i > 2 because J?c is d-regular. It follows that 
/\ p M is p-regular (Corollary 1.8.10 of [H]). Then, arguing as in the proof 
of the Lemma on p. 371 of m (see also Example 1.8.15 of EH) one gets 
that f\ p M(U) is (p + c)-regular. □ 
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Proof of Proposition 12.61 By hypothesis there exists a smooth point 
[cr] of {A \ A {d)), such that the projective tangent space TsA is a base- 
point free codimension-1 linear subsystem of A. We have T 5 A = P(t/), 
where U C H°(tt* <Hp3(d)(—E)) is a codimension-1 subspace which gener¬ 
ates (d)(—E). We will prove that the INL Theorem holds for ( U,a ), 
and Proposition I 2 T 6 I will follow. By Joshi’s Proposition l2T9l it suffices to 
prove that the following hold: 

(a) H 1 (W,nl r ®-ir*0p i (d)(-E)) = 0. 

(b) H l {W,M{U) ® K w ®n*0p3(d)(-E)) = 0. 

We start by noting that, since Tp 3 is —1-regular, and by hypothesis .Xc is 
{d— 2) regular, the sheaf J?c®Tp3 is (d— 3)-regular, see Proposition 1.8.9 and 
Remark 1.8.11 of m- Thus the hypotheses of Lemma 12.101 are satisfied, 
and hence Item (a) holds. Let us prove that Item (b) holds. Tensoring (12.81) 
by K\y <g) ir*0p3(d)(—E) = 7 r*^p 3 (d — 4) and taking cohomology we get an 
exact sequence 

(2.18) 

& P 3(d-4))^U®H 0 (W,n* 0 p3 (d-4))AH° (W,n* 0 p3 {2d-4)(-E))^ 

-+H l (W,M{U)®n* & r 3 {d-A))^U®H x (W,K w (gw* & p3 (d)(-E)). 

Now H 1 {W,K\y®e* ffp3 {d){—E)) = 0 because by hypothesis 71*^3 (d)(— E) 
is ample. Thus it suffices to prove that the map a is surjective. We have an 
identification H°(W, ir*&p3(d)(—E)) = 77° (P 3 , J?c{d)), and hence U is iden¬ 
tified with a codimension-1 subspace of 17° (P 3 , ^c{d)) that we will denote 
by the same symbol. Clearly it suffices to prove that the natural map 

(2.19) U <g> LT°(P 3 , 0p3(d — 4)) —> H°(F 3 ,J? c (2d-4:)) 

is surjective. Tensorize Exact Sequence (12.171) by (d — 4) and take the 
associated long exact sequence of cohomology: then (12.191) appears in that 
exact sequence, and hence it suffices to prove that H 1 ( P 3 , M(U)(d — 4)) = 0. 
By Lemma 12.111 the sheaf M(U ) is 2-regular, and by hypothesis d > 5: 
the required vanishing follows. □ 

2.6. All tangent spaces at smooth points are linear systems with a 
base-point. We will prove Proposition I2T81 We start with an elementary 
result. 

Lemma 2.12. Assume that tt* fJps(r — 3 )(—E) is very ample. Let p € W 
and F C T p W be a subspace such that one of the following holds: 

(1) p <£ E and F ± T P W, 

(2) p E and F = T p W, 

(3) p G E, and T p (7 r _1 (7r(p))) <fL F C T p E. 

Let X £ L p p{r) (see Definition 12.71) be generic. Then X is smooth if 
Item (1) or (3) holds, while X has an ODP at q = 7 r(p) and is smooth 
elsewhere if Item (2) holds. 
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Proof. Suppose first that (1) or (2) holds, i.e. p ^ E, and let q := n(p). The 
linear system T PiF (r) has base locus C U {g}. In fact, let z G (P 3 \ C \ {g}); 
then there exists Y G — not containing z because Tt*0 v z{r — 2)(— E) 

is very ample, and a quadric Q G T PiF ( 2) not containing z. Thus Y + Q is an 
element of T PiF (r) which does not contain z. Hence the generic X G T PjF (r) 
is smooth away from C U {</} by Bertini. Considering Y + Q G T PiF (r) as 
above we also get that the beahviour in q of the generic element of F p j?(r) 
is as claimed. It remains to prove that the generic X G T PiF (r) is smooth 
at every point of C, i.e. that T PiF (r) is not a subset of E(r). The proof that 
r PiF (r) has base locus C U {g} proves also that 

(2.20) dim T p p{r) = dim|j ? c(r)| — dimF — 1. 

Thus in order to prove that r PiF (r) is not a subset of £(r), it suffices to 
prove that for x G C 

(2.21) dim | J^(r)| n T P)F (r) < dim | J r c( r )\ ~ dimF — 3. 

By Item (1) of Proposition 12.31 dim |j^(r)| D | J^c( r )\ = dim \^c( r )\ ~ 2, 
and hence (12.211) is equivalent to 

(2.22) cod(|j^ 2 (?’)| nr PjF (r), |j^ 2 (r)| D \ J^c{r)\) = dimT + 1. 

We must check that imposing to X G \-Xf(r)\ D \J r c(r)\ that it contains q 
and that dir(p)(F) C T q X. gives dirnF + 1 linearly independent conditions. 
By Item (1) of Proposition 12.31 there exists Y G |j^(r — 2)| D \ -Xc{r — 2)| 
not containing q. Consider the linear subsystem A C |j^ 2 (r)| n \J r c(r)\ 
whose elements are Y + Q , where Q G |^p>3(2)|; imposing to X G A that it 
contains q and that chr(p)(F) C T q X, gives dim F + 1 linearly independent 
conditions, and hence (12.221) follows. This finishes the proof that if (1) holds 
then (1') holds, and that if (2) holds then (2') holds. 

Now suppose that (3) holds. Suppose that F = {0}, and let S G A P)F (r) = 
|</ p 07r* <^p3 (t )(—.£/) | be generic. Then S is smooth <rt p becnuse 7 r*<^p3 (r)(-E) 
is very ample, and by Bertini’s Theorem it is smooth away from p as well. 
In order to prove that X = vr(S') is smooth we must check that S does not 
contain any of the lines L x := 7r _1 (x) for x G C. Since 7r*^p3 (r)(—E) is 
very ample, 

(2.23) 

codd^L^. G>7r*^' p 3 (r)(—E)|n| J ? pG7r*^’p3 (r)(—E)|, | 0 p 3 (r)(-E)|)= < 

(2 if x 7 ^ q. 

It follows that a generic S G \JP p E)\ does not contain any L x . 

We are left to deal with the case of a 1-dinrensional F C T p E transverse to 
T p (7r _1 (g)). Let Z C W be the 0-dimensional scheme of length 2 supported 
at p, with tangent space F: thus Z C E. We must prove that a generic 
S G | J’z 0 7T*^p3(r)(— E)\ is smooth and contains no line L x where x G C. 

We claim that the (reduced) base-locus of | J'z 0 7r*^p3(r)(— E)\ is p. In 
fact no z G (L 9 \{p}) is in the base-locus of | G-$z(r)(—E)\ because L q 
is a line and there exists S G |«/z07r*^p3(r)(— E)\ which is not tangent to L q 
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at p. Moreover no z G (W\L ? ) is in the base-locus of \J?z ®7r*^p3 (r)(—E)\ 
because of the following argument. There exist T G | JP p ®Tt* & v z(r — 1)(— E)\ 
not containing z, and a plane P CP 3 containing q and not containing 7 r(z); 
then (T + P) G \^z <8> 7r*^p3(r)(— E)\ does not contain z. This proves that 
the (reduced) base-locus of \<#z <8> 7r*^ > P 3(r)(— E)\ is p\ it follows that the 
generic S G \^z ® 7r*^’ P 3(r)(—£?)| is smooth. 

We finish by showing that (|2.23D holds with replaced by J'z- The case 
x = q is immediate. If x G C \ {q} we get the result by considering elements 
(T + P) G <g> 7r*^’ P 3(r)(—£1)| where P is a fixed plane containing q and 
not containing x, and T G |J^ <8> 7T*<Cp3(r — 1)(— E)\. □ 

Remark 2.13. The proof of Lemma 12.121 shows that, if Item (2) holds, the 
projectivized tangent cone at q of the generic X G T PiP ’(r) is the generic 
conic in P(T g P 3 ). 

Proof of Proposition 12.81 Let r G {d — l,d}. Suppose that p G W, 
F C T p W, and either p E, or else p G E and (12.51) holds. By Lemma 
mi there exists an open dense subset ^ Pt p(r) C T P)P ’(r) such that for 
X G % P) f(t) the following holds: 

(1) X is smooth if p £ E and F / T p W, or p G E. 

(2) X has an ODP at q = 7r(p), and is smooth elsewhere, if p ^ E and 
F = T p W. 

Similary, let j G {1,... , n}, and q G Cj. By Proposition 12.31 there exists 
an open dense subset ^/ q j(r) C \<Y q (r)\ D Xj(r) such that every X G 0 // q .j(r) 
has an ODP at q and is smooth elsewhere. It will suffice to prove that 
if X is a very general element of ^^(r) or of a ?/ q ,j(r). then CH 1 (X)q is 
generated by and the classes of C \,..., C n . Notice that if X is 

an element of ^^(r) or of °^ q .j (r), then X is Q-factorial. More precisely: 
if D is a Weil divisor on X then 2D is a Cartier divisor. Let NL(^jr(d)) C 
^ Pt F(d) be the subset of X such that Pic(X) <S>Q is not generated by &x(E) 
and Ox (2Ci),..., Ox(2C n ), and define similarly NL(^ J (d)) C ^ q j(d). 
Then NL(^ Pi i?(d)) is a countable union of closed subsets of ^^(d) (there 
exists a simultaneous resolution if the surfaces in % Pi F{d) are not smooth), 
and similarly for NL (fW q j{d)). Hence it suffices to prove that ^^(d) \ 
NL(^ Pi i?)(d) and ^j(d) \ NL(^j(d)) are not empty. 

Let Y be an element of ^^(d — 1) or of a & q .j(d — 1), and let X be a 
generic element of *%f Pt F(d) or of tf/ q j(d). Since n*0 V 3 (d)(—E) is very ample 
and X is generic, the intersection of X and Y is reduced, and there exists 
an integral curve Cq C P 3 such that its irreducible decomposition is 

(2.24) Inb = C 0 UCiU...UC n . 

Now let P C P 3 be a generic plane, in particular transverse to Co U C\ U 
... U C n . Let X = V(f), Y = V(g) and P = V(l). Let 

(2.25) 3T:=V(g-l + tf) C P 3 x A 1 . 
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The projection 33 —>• A 1 is a family of degree-d surfaces, with central fiber 
Y + P. The 3-fold 3? is singular. First 33 is singular at the points (x, 0) 
such that x E X D Y n P, and it has an ODP at each of these points because 
P is transverse to Co U C\ U ... U C n . Moreover 

(I) 33 has no other singularities if we are dealing with p(d) and 
F + T P W, 

(II) 3F is also singular at {g} x A 1 if we are dealing with and 

F = T p W, or if we are dealing with 3/ q j(d). 

We desingularize 3 f as follows. The ODP’s are eliminated by a small resolu¬ 
tion (we follow p. 35 of [Sj, and choose a specific small resolution among the 
many possible ones), while to desingularize {g} x A 1 we blow-up that curve: 
let 33 —> 3f be the birational morphism. Then 3f is smooth (if p ^ E and 
F = T p W, or if we are dealing with fy qt k(d), then 33 is smooth over {q} x A 1 
by Remark 12.41 and Remark 12.131) . 

The composition of 3? —> 3F and the projection 33 —>• A 1 is a flat family of 
surfaces tp: 3f —> A 1 . The central fiber Zq := </? _1 (0) has normal crossings, 
it is the union of Y and the blow-up P of P at the points of An Y (IP, the 
curve Y fl P being glued to its strict transform in P. There will be an open 
dense B C A 1 containing 0 such that Zt : = y:” 1 (t) is smooth for t € B\ {0}, 
and it is isomorphic to Z t := V{g ■ l + tf) in Case (I), while it is the blow-up 
of Zt at q (an ODP) in Case (II). We replace 33 by p^ 1 (B) but we do not 
give it a new name. 

One proves that if P is very general, then the following hold: 

(I') In Case (I), if t is very general in B \ {0}, then Pic (Z t ) <g> <Q> is 
generated by the classes of 0^(1), ..., (C n ). (Notice 

that Z t = Z t because we are in case (I).) 

(II') In Case (II), if t is very general in R\{0}, letting p t '- Z t —> Z t be the 
blow-up of q and Rt C Z t the exceptional curve, the group Pic (Z t )<S> 
Q is generated by the classes of p*&z t { 1 ) ; @z t ( 2 C 1 ), ■ ■ ■, p*@z t ( 2 C n ) 

and G^^Rt). 

One does this by controlling the Picard group of the degenerate fiber Zq. 
As proved in it suffices to show that the following hold: 

(a) Let Y C |^p3(l)| be the open subset of planes intersecting trans¬ 
versely Co U ... U C n , let I C (Co U...UC n )xfbe the incidence 
subset and p: I —> Y be the natural finite map: then the modo- 
dromy of p acts on a fiber (Dq, ..., D n , P) as the product of the 
symmetric groups 6de g c 0 x ... x ©degCV 

(b) Let j € {0, ...,n}, let P C P 3 be a very general plane, and let 
a, b G Cj O P be distinct points; then the divisor class a — b on the 
(smooth) curve Y D P is not torsion. 

Now Item (a) is Proposition II.2 .6 of H23. It remains to prove that (b) holds. 
To this end we will show that Cq is not planar and we will control the set of 
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planes P such that P PI Y is reducible (see the proof of Item (b) of Lemma 
3.4 of 0). 

Claim 2.14. The curve Cq (see (I2.24p ) is not planar. 

Proof. By hypothesis ir*0p3(d — 3 )(—E) is very ample, in particular it has a 
non-zero section, and hence there exists a non-zero r € H°( P 3 , J?c(d — 3)). 
Multiplying r by sections of (3) we get that that /i°(P 3 , jL c [d)) > 20. 
Now assume that Co is planar. Recall that C = CiU...UC„, and let 

H°(F 3 , S c (d)) ^ H°(Y, & Y (d)) 

be the restriction map. Since (C + Co) £ |Cy(d)|, the image of a is equal 
to H°(Y , Cy (Co)), and hence has dimension at most 4 because Co is planar. 
The kernel of a has dimension 4 because Y has degree (d— 1). It follows that 
h°(P 3 , J?c{d)) < 8, contradicting the inequality /i°(P 3 , ,Yc{d)) > 20. □ 

Thus none of the curves Co, Cl, ..., C n is planar. 

Lemma 2.15. Let Y C P 3 be a surface which is either smooth or has ODP’s. 
The set of planes P such that P HY is reducible is the union of a finite set 
and the collection of pencils through lines ofY. 

Proof. Suppose the contrary. Then there exists a 1-dimensional family of 
planes P such that P Y = Ci + C 2 with Ci, C 2 divisors which intersect prop¬ 
erly, suppCi is irreducible, and degCj > 1. Next, we distinguish between 
the two cases: 

(1) The generic P does not contain any singular point of Y. 

(2) The generic P contains a single point a £ sing Y. or two points 
a, 6 £ singT. 

Assume that (1) holds. Let mj := degC for i = 1,2. Then 

(2.26) mim 2 = (C 1 -C 2 ) P = (C r C 2 )y = (C 1 -(P-C 1 ))y = mi-(C r Ci)y 

where (Ci • C 2 )p is the intersection number of Ci,C 2 in the plane P, and 
(Ci • C 2 )y is the intersection number of CyC 2 in the surface Y (this makes 
sense because Y has ODP singularities, and hence is Q-Cartier). The first 
equality of (|2.26l) holds by Bezout, the second equality is proved by a local 
computation of the multiplicity of intersection at each point of Ci fl C 2 (one 
needs the hypothesis that Y is smooth at each such point). Thus (I2.26P 
gives (Ci • Ci)y = mi(l — m 2 ) < 0, and this contradicts the hypothesis 
that Ci moves in Y. If (2) holds one argues similarly. We go through the 
computations in the case that P contains two singular points. Let P 3 —> P 3 
be the blow up of {a, b}, and Y,P CP 3 be the strict transforms of Y and 
P respectively. By hypothesis Y has an ODP at each of its singular points 
and hence Y is smooth, and of course P is smooth. Let Ci be the strict 
transform of Ci in P 3 . Let r* := mult a C,;, Sj := mulR C ? > Then the equality 

(2.27) (Ci • C 2 ) p = (Ci • C 2 ) ? 
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gives 

(2.28) (Ci • C 2 )y = -(mim 2 - mi - rir 2 - sis 2 + r\ + si). 

Now ri + Si < Ttij for i = 1,2, because otherwise the line (a, b) would be 
contained in F nCj, and hence we would be considering curves residual to 
a line in Y , against the hypothesis. Since r* + Sj < m, for i = 1,2 the 
right-hand side of (12.2811 is strictly negative, and this is a contradiction. □ 

Now we prove that Item (b) holds. Let j € {0,..., n}. Let a, b G Cj be 
generic, in particular they are smooth points of Y. By Lemma 12.151 every 
plane containing a, b intersects Y in an irreducible curve. Let Y —>• Y be 
the blow-up of the base-locus of the pencil of plane sections of Y containing 
a, b. Then Y has at most ^-singularities, and hence is Q-factorial. Let 
E, F be the exceptional sets over a and b respectively, both have strictly 
negative self-intersection. Let i > 0 be such that iE and iF are Cartier. Let 
ip: Y -A- P 1 be the regular map defined by the pencil of plane sections of Y 
containing a, 6; for s € P 1 we let D s := y> -1 (s). It suffices to prove that, 
given r > 0, the set of s £ P 1 such that Gy(riE — riF)\r> s is trivial is finite. 
Assume the contrary: then, since every plane containing a, b intersects Y 
in an irreducible curve, there exists l € Q such that riE — riF = ip* (bp) in 
Pic(y) Q , where p E P 1 (see the proof of Item (b) of Lemma 3.4 of [5j). It 
follows that the degrees of Gy(riE — riF ) on E and F are both equal to £, 
and that is absurd because they have opposite signs. □ 

3. Proof of the main result 

We will prove Theorem lO.il Let Q C P 3 be a smooth quadric and choose 
an isomorphism ip: Q —> P 1 x P 1 : we let &Q(a,b) := ip*(ff^i(a) IE ^pi(ft)). 

Proposition 3.1. A curve in |^q(2, 3)| is 3-regular. 

Proof. Let D £ |^q( 2,3)|. Considering the exact sequence 0 —>• -Yo 
-A- G £> -> 0 we see right away that if i = 2,3, then iL*(P 3 ,^)(3 — 
i)) = 0. In order to prove that iL 1 (P 3 , JPd(2)) = 0 we must show that 
H°( P 3 , G p3 (2)) H°(C, G d ( 2)) is surjective. The map H°( P 3 , G p3 ( 2, 2)) -»■ 

H°(Q, G q (2)) is surjective, hence it suffices to prove that H°(Q , Gq( 2,2)) — > 
H°(C , Gjo( 2)) is surjective. We have an exact sequence 

0 —> G q ( 0, -1) —A Gq( 2, 2) —> G d ( 2) —> 0, 

and since ff 1 (Q, Gq( 0, —1)) = 0 the map H°(Q, Gq( 2,2)) —y H°(D, Gd( 2)) 
is indeed surjective. □ 

Proof of Theorem 10.11 If d < 6 there is nothing to prove, hence we 
may assume that d > 7. Let n := L i ^J- Choose disjoint smooth curves 
C'i,..., C n such that each Cj is a (2, 3)-curve on a smooth quadric, and let 
C := C\ U ... U C n . We may assume that for j € {1,..., n} the degree-0 
class in CHo(Cj-) given by 5ci (Ac,) — 2ci(Gc j (1)) is not zero. Let us show 
that the hypotheses of Theorem 12.11 are satisfied. Let j € {1,..., n}. We 
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let -Kj: Wj —>• IP 3 be the blow-up of Cj , and Fj C Wj be the exceptional 
divisor. Then 77 *^ 3 (3)(—ic,) is globally generated, and 7rt(4)(— Fj) is 
very ample: since d —3 > 3(n—1)+4 it follows that 7r*^p3(d—3)(— E) is very 
ample. Let j € {1,..., n}: since d > 7 the cohomology group FI 1 (Cj, Tqj ( d— 
4)) vanishes, and hence H 1 (C,Tc(d — 4)) = 0. By Proposition 13.11 and 
Example 1.8.32 of HQ the curve C is 3?r-regular, and since 3n < {d — 4) the 
curve C is (d — 2)-regular. Lastly, by construction no curve Cj is planar. 
We have shown that the hypotheses of Theorem 12.11 are satisfied, and 
hence Hypothesis 11.51 holds for H € \&^z{d)\. Let X € \J r c(d)\ be smooth 
and very generic: since for j E {1,..., n} the class 5c±(Kc j ) — 2cj {0c :t (1)) 
is not zero, the decomposable classes H 2 , Cf ,...,, C 2 on X are linearly 
independent by Proposition 1X771 Thus DCHo(X) has rank at least n + 1 = 



□ 
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